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ABSTRACT 
Proof of an alternating sum formula, involving numbers of matrices on a finite field with a given 
rank. 
I. INTRODUCTION 
Let k be a finite field, with q elements. We denote by A4 the set of n x n- 
matrices with entries in k and by G,, or G the group of non-singular matrices 
in M. 
Letd={l,..., n - 1). For any subset J of A denote by PJ the corresponding 
“standard parabolic subgroup” of G. It can be described as follows. Let 
i,, . . . . ik be the elements of the complement of J, in increasing order. Then PJ 
is the subgroup of upper block matrices, with diagonal blocks of sizes 
. 
I,, 12 - I,, . . . . So PA = G and Pe is the subgroup of upper triangular matrices. 
We denote by I& the subset of A4 defined similarly. 
If r is an integer with Osrsn, denote by I$ the set of matrices of MJ of 
rank r. 
Put 
(I) C, = IFA (-I)‘J’IG~P~/I~;l. 
The CO is the degree of the Steinberg representation of G, which is q+“(“-‘) 
(see below). It was shown by L. Solomon that 
c = qtn(n- qqn _ I), 
I 
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and he conjectured that C, =0 for rr2. In the present note we shall prove 
this conjecture. 
Using the Bruhat decomposition of the monoid M(see [So]), Solomon showed 
that there is a polynomial FJ,, with non-negative integral coefficients, such that 
h?; 1 = (q- W/,,(q). 
Since 1 G/P, 1 is also the value of a polynomial at q, the conjecture is equivalent 
to a polynomial identity involving the F,,. 
In our proof we do not use this description of IMJ 1. We shall use properties 
of the Steinberg character of G and its counterpart for M. 
2. RECOLLECTIONS 
Let 
St = C (-l)lJ1 Indz,(l,,), 
J C d 
where Ind denotes induction of characters of finite groups, lPJ denoting the 
trivial character of PJ. We also write St, or St,. Then St is an irreducible 
character of G, the Steinberg character, of degree q+“(“- ‘) (the order of a p- 
Sylow group of G, where p= char k). Such a character exists for any finite 
group of Lie type (see [Cal). 
Moreover, 
(a) St(x) = 0 if XE G is not semi-simple, 
(b) if x is semi-simple then 
St(x) = (-1)0(X)+’ St,(l), 
where a(x) is the number of distinct eigenvalues of x, and Z=Z,Jx) is the 
centralizer of x in G (which is isomorphic to a product of finite groups 
GL,,, (k;)). 
The properties (a) and (b) are proved in [CLT], also for the general case of 
an arbitrary finite group of Lie type (where the formulation of (b) is somewhat 
different). 
We need similar results for M. We view now M as the finite Lie algebra 
associated to the algebraic group defining G, and MJ as the parabolic sub- 
algebra of M defined by PJ. 
G acts on A4 by conjugation. A class function on M (respectively MJ) is a 
complex-valued function which is constant on the G-orbits (respectively PJ- 
orbits). If f is a class function on MJ define the induced one on A4 by 
Und~,f)(x) = IPJI~] C f(g-C’). 
BEG 
Let 
(2) st = st n = C (-l)~J~Ind~,(l,J). 
/CA 
It is proved that in [Sp] (again in a more general situation) that 
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(a’) St(x) = 0 if xEM is not semi-simple, 
(b’) If x is semi-simple then 
st(x) = (-l)C(X)+’ Q,(l), 
a(x) and Z being as before. 
3. DETERMINATION OF 1, 
It follows from (1) and (2) that 
c,= c st(x). 
xeM 
rankx=r 
By (a’) we may restrict the sum to the semi-simple elements of rank r. The G- 
orbit of such an element x contains a matrix ($ z). We see that 
Z~J~)=ZC$)XG,-,. 
Now (b) and (b’) show that 
stJx) = q~(n~r)(n-r~l)St,(y), 
whence (using (a)) 
c, = qf(n- r)(n-r~l)/G,I-'lG,~,I-'lG,I C St,(u). 
YEG, 
But if r> 1 the Steinberg character St, is non-trivial, and the last sum is zero. 
This proves Solomon’s conjecture. 
If r= 1 the sum equals q- 1, and it readily follows that C, = qfncn-‘)(q”- I), 
as stated in the introduction. 
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